We consider a non-Abelian gauge theory with N f fermions and discuss the possible existence of a non-trivial UV fixed point at large N f . Specifically, we study the anomalous dimension of the (rescaled) glueball operator Tr F 2 to first order in 1/N f by relating it to the derivative of the beta function at the fixed point. At the fixed point the anomalous dimension violates its unitarity bound and so the (rescaled) glueball operator is either decoupled or the fixed point does not exist. We also study the anomalous dimensions of the two spin-1/2 baryon operators to first order in 1/N f for an SU(3) gauge theory with fundamental fermions and find them to be relatively small and well within their associated unitarity bounds.
I. INTRODUCTION
Gauge theory with many flavors of fermions may possess an ultraviolet (UV) fixed point. This was first studied in Abelian gauge theory in [1] and in the non-Abelian case in [2] . Recently, there has been a revived interest in asymptotically safe four-dimensional quantum field theories, with particular emphasis on pure fermionic gauge theories, chiral gauge theories, gauge-Yukawa theories involving both scalars and fermions and theories with or without supersymmetry [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
For a recent review of the technical and computational aspects see [21] .
The earlier works [22] on fermionic gauge theory phase diagrams as a function of the number of colors, fermion flavors and their representations were extended to address also the domain where a UV fixed point might emerge in [9] . While the studies of an infrared (IR) fixed point have been studied both analytically and numerically, the corresponding methodology to study UV fixed points is currently developing. The work reported in this paper is part of this ongoing effort to elucidate the phase structure of gauge theories at large N f and should be contrasted to other analytical calculations as well as future lattice simulations.
In this paper we will first review the results on the exact gauge theory beta function to leading order in 1/N f . Our main results are the formulas for the anomalous dimensions of the glueball operator and for the two spin-1/2 baryon operators to leading order in 1/N f . We will then determine the location of the UV fixed point and evaluate the anomalous dimensions at the fixed point.
We find that while the anomalous dimensions of the baryon operators have small values at the fixed point, well consistent with the unitarity bound, the anomalous dimension of the glueball operator grows rapidly with increasing N f grossly violating its unitarity bound. We will discuss the interpretation of this result. One possible interpretation is that the leading order beta function is inconsistent and there is no fixed point. However, an equally viable interpretation is that the glueball operator is decoupled and not part of the spectrum.
The paper is organized as follows: In section II we present the the leading order beta function in detail. Then, in section III we derive the general results for the operator dimensions of the glueball operator and baryon spin-1/2 operators, and in section IV we analyze these operator dimensions at a UV fixed point. In section V we present our conclusions and outlook for further work.
II. THE BETA FUNCTION AT LARGE N f
We consider a fermionic gauge theory with gauge group G and N f number of Dirac fermions in some representation r of G. We let T r denote the trace normalization factor and C r the quadratic Casimir of the generators in the representation r while A denotes the adjoint representation. As an expansion in the gauge coupling α = g 2 4π we write the beta function as
Within the class of mass independent schemes the first two coefficients are universal whereas from higher orders they become scheme dependent. Currently the first five coefficients of the beta function in the MS scheme are known [23, 24] . These coefficients generally depend on various (higher order) group invariants, the Riemann zeta function ζ s and rational numbers.
). For these higher order coefficients we will then write
Instead of expanding in the gauge coupling α it is possible to reformulate perturbation theory as an expansion in 1/N f with the normalized coupling A ≡ T r N f α π held fixed [1] [2] [3] . Here one rewrites the beta function of the gauge coupling by switching to the normalized coupling A ≡ T r N f α π and then collecting terms in powers of 1/N f . One can then study the theory in terms of perturbation theory in 1/N f . Changing variables, we find that the beta function can instead be written as
The functions H i (A) depend on the scaled coupling A and are directly related to the coefficients of the original beta function. Explicitly, they are given by
Remarkably, the first term H 1 (A) has been calculated to all orders in A so that the beta function is known exactly to first non-trivial order in 1/N f . It was calculated for QED in [1] while for QCD it was calculated in [2] . Using the notation of [3] it is explicitly given by
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Similar to the beta function coefficients the coefficients γ i of the anomalous dimension will in general be a polynomial in the number of flavors N f . Therefore it is also possible to rearrange the perturbative expansion into a 1/N f expansion for the anomalous dimension. In general all of the coefficients of the anomalous dimension can be written as
Note that the first coefficient γ 1 does not depend on N f which is different from the first coefficient of the beta function b 1 . Now again changing variables to the normalized coupling A = T r N f α π and collecting terms in powers of 1/N f we can instead write the anomalous dimension as
where the functions G i (A) depend on A and are directly given in terms of the original coefficients of the anomalous dimension as
We will now determine the anomalous dimensions explicitly for the glueball and spin-1/2 baryon operators.
A. Dimension of (rescaled) glueball operator Tr F
2
If the gauge field is denoted by A a µ then the canonical field strength tensor is The dimension of the F a µν F µν,a operator is of great importance. First, we will show how the dimension of this operator is related to the beta function and its derivative. In order to do this we consider the trace anomaly
Taking the derivative on both sides of the trace anomaly by µ d dµ and using the fact that T µ µ must scale classically we find that the dimension of the F a µν F µν,a operator must be given by
where
dα is the derivative of the beta function. So the dimension is given directly in terms of the beta function and its first derivative. The coefficients of the anomalous dimension are γ i = (i − 1)b i . Note here that that the first term γ 1 = 0 vanishes and so the first non-trivial contribution to the anomalous dimension begins at order α 2 .
Using Eq. (3) and switching variable to A, we can instead write the dimension as an expansion
This is one of our main results. It gives the dimension of the rescaled F a µν F µν,a operator to all orders in the coupling and first order in 1/N f since we know H 1 (A) from above. It corresponds to the summation of an infinite set of Feynman diagrams. Explicitly the anomalous dimension to first
where I 1 and I 2 are given in Eqs (7)- (8).
B. Dimension of spin-1/2 baryon operators ψψψ in an SU(3) gauge theory
The second set of operators which we will consider is constituted by the spin-1/2 baryon operators ψψψ for an SU(3) gauge theory with N f fundamental flavors. Spin-1/2 baryon operators come in two types depending on how one contracts the Lorentz indices. In [25] the anomalous dimensions have been computed exactly to first order in 1/N f for both cases. Due to the presence of evanescent operators the anomalous dimensions contain a function which depends on the scheme in which it is calculated [25] . We write the full scaling dimension for each of these two operators as D ± = 9 2 − γ ± and using the results of [25] we find
Here s ± (A) are the scheme dependent functions which depend on the coupling A and satisfy s ± (0) = 1. We shall consider two different schemes adopted in [26, 27] for which s ± = 1 and
A) respectively. Lastly γ m is the anomalous dimension of the mass and has been calculated exactly to second order in 1/N f . It was calculated for QCD to first order in [1] and to second order in [28] . Here we only need it to first order for which it reads
where T r = 1/2 and C r = 4/3 for fermions in the fundamental representation of SU(3). In ordinary perturbation theory it is known to five loop order in the MS scheme [29, 30] .
IV. DIMENSIONS AT THE UV FIXED POINT AT LARGE N f
The beta function has a trivial fixed point (α = 0) which is in the IR provided the first coefficient To understand if a non-trivial UV fixed point A UV might be generated we need to study the possible zeros of the beta function. To first order in 1/N f we look for solutions to the equation
At first sight this might not seem to have any solutions in the large N f limit. However there are singularities hiding in H 1 (A) that can balance 1/N f such as to make the ratio H 1 (A UV )/N f finite and equal to −1. Examining the integrand I 1 (x)I 2 (x) of H 1 (A), we see that the first divergence for x > 0 occurs at x = 1. This stems from the 1 1−x term in I 2 (x) and hence gives rise to a logarithmic divergence in H 1 (A) at x = 1. To be more explicit we now expand the integrand in H 1 (A) around x = 1 in order to find
where a i and b i are the expansion coefficients which are pure numbers not depending on any group factors. The first few are a 0 = 3, a 1 = 23, a 2 = 29 − ψ (2) (1) and b 0 = −8,
This expansion then gives us H 1 (A) with the divergence isolated as a logarithm
where we have defined a = 44 − We should then look for solutions to H 1 (A UV ) = −N f at large N f . Clearly H 1 (A) diverges as A → 3 due to the logarithm term. In this limit, all the terms to the right which are polynomial in (3 − A) can be neglected. The resulting equation can be solved for A UV , and we find
This result is in agreement with the results in [5, 9] . We will now assume that this fixed point exists for sufficiently large N f and study the anomalous dimensions of the glueball operator γ F 2 and the spin-1/2 baryons γ ± . At a fixed point the theory is scale invariant and dimensions of gauge invariant operators are scheme independent physical quantities.
The anomalous dimension of the Tr F 2 operator at the UV fixed point in first order in 1/N f becomes
So the anomalous dimension increases exponentially in the large N f limit due to the δ −1 contribution. The anomalous dimension is positive (since the derivative of the beta function is negative) and therefore the full dimension D F 2 = 4 − γ F 2 blows to minus infinity in the large N c limit.
If the theory is at a fixed point then there exists unitarity bounds which the scaling dimensions of gauge invariant operators should satisfy. If they do not satisfy this condition then either 1) the theory is not at a fixed point or 2) the operator is not part of the spectrum and has decoupled.
Since Tr F 2 is a spinless operator the unitarity bound is D F 2 > 1 [31] which implies that γ F 2 < 3.
This condition is severely violated by many orders of magnitude in the entire range of N f where the theory is non-asymptotically free
. To see this, we note that δ ∼ 1 already for
For explicit numbers, consider for example fundamental fermions, N c = 3 and N f = 17. Then we find γ F 2 ∼ 10 11 and increasing exponentially at larger N f . For fundamental fermions, N c = 2
and N f = 12 we find similarly γ F 2 ∼ 10 12 . For higher representations this becomes even more dire:
for adjoint fermions, N f = 3 and any N c we find γ F 2 ∼ 10 13 and increasing exponentially at larger
The perturbative expansion we are using is of course expected to work only in a subrange of this interval. For fundamental fermions this range was estimated in [3] to be for N f 10N c while for adjoint fermions this range was estimated in [9] to be for N f 7 for any N c . These are the approximate ranges where the UV fixed point is conjectured to exist and here the value of γ F 2 is exponentially large. With these considerations in mind we therefore conclude that if the UV fixed point exists then the glueball operator is not part of the spectrum of operators. This should make for interesting lattice simulations to hopefully appear in the near future.
We note that an alternative interpretation of the violation of the unitarity of the anomalous dimension we have described above is that the theory is not at a fixed point. However, in that case one might expect that other observables would display similar inconsistency. We will now turn to the anomalous dimension of the spin-1/2 baryon operators, and show that they remain compatible with the existence of a fixed point.
Remember, that we are considering two different possibilities for the scheme dependent functions s ± . Evaluating the anomalous dimension at A UV = 3 − δ for the first possibility s ± = 1 we
while for the second possibility s ± = (1 − 
For completeness, in Figure 2 we show the anomalous dimension as a function of the number of flavors in the entire range 16.5 < N f < 300 where the theory is non-asymptotically free. We remind the reader that the theory is conjectured to develop a non-trivial UV fixed point in the region only in the range N f 30. The upper blue solid curve is for s ± = 1 while the lower red solid curve is for s ± = (1 − [31] which is of course also safely satisfied within the entire range N f > 30.
V. CONCLUSION
In this paper we have considered the possibility of the emergence of UV fixed points in gauge theory at large number N f of fermionic matter fields. The beta function is known to leading order in 1/N f and here we have extended these results to determine the anomalous dimensions of the glueball and spin-1/2 baryon operators to this same order.
We evaluated the values of these anomalous dimensions at the UV fixed point. For the anomalous dimension of the baryon operators we found that their values are small and well within the unitarity bounds. On the other hand, for the glueball operator we found that the value of its anomalous dimension increases rapidly as N f increases leading to violation of the unitarity bound. While this result can be interpreted as an inconsistency undermining the existence of the UV fixed point and the validity of the large N f beta function, we pointed out that this effect can also arise from decoupling of the glueball operator from the spectrum at large N f .
The research in this field is currently under active development, and our results should be useful in further analytic work as well as for possible lattice simulations of SU(N c ) gauge theories with many fermion flavors. 
